Abstract. In the present paper we give a proof of the fact that the sub-Riemannian cut locus of a wide class of nilpotent groups of step two, called H-type groups, starting from the origin corresponds to the center of the group. We obtain this result by completely describing the sub-Riemannian geodesics in the group, and using these to obtain three disjoint sets of points in the group determined by the number of geodesics joining them to the origin.
Introduction
The H(eisenberg)-type Lie algebras, which are one of the most important examples of nilpotent Lie algebras of step 2, were introduced by A. Kaplan in his foundational work [5] . Their Lie algebra structure is intimately related to the existence of certain Clifford algebra representations, which we will introduce carefully later on. These Lie algebras have a deep connection to sub-Riemannian geometry, which we will proceed to explain.
Let us first recall generalities about sub-Riemannian manifolds. A triplet (Q, H, · , · ), where H → T M is a distribution, i.e., a subbundle of the tangent bundle of M , and · , · is a fiber inner product defined on H, is called a sub-Riemannian manifold. For most applications, it is assumed that the distribution H is bracket-generating, that is, Lie H = Lie algebra generated by sections of H = Γ(T M ).
The step of H is, by convention, the minimal length of brackets needed to generate all the vector fields on M plus one. An absolutely continuous curve γ : [0, 1] → Q is called horizontal ifγ(t) ∈ H γ(t) almost everywhere. For horizontal curves, we can define their length as usual (1) L(γ) = 1 0 γ(t),γ(t) dt.
A horizontal curveγ : [0, 1] → Q is a sub-Riemannian geodesic if it locally minimizes the functional (1), i.e., there exists a partition 0 = t 0 < t 1 < · · · < t n = 1 of [0, 1] such that for i = 0, . . . , n − 1
It is well-known that for a nilpotent algebra n = v ⊕ z there is a unique (up to isomorphism) connected and simply connected Lie group N with Lie algebra n. Applying this idea to an H-type algebra, and by left-translating the subspace v of n, we obtain a bracket-generating distribution H → T N of step 2. Any inner product defined on v induces a sub-Riemannian metric on H. Explicit equations for the sub-Riemannian geodesics in H-type groups can be found in [4] .
A fundamental tool in the analysis of sub-Riemannian manifolds is the socalled cut locus. Recall that the (sub-Riemannian) cut locus of (Q, H, · , · ), with respect to a point p ∈ Q is defined as the set of points q ∈ Q such that there is more than one minimizing sub-Riemannian geodesic connecting p to q. One of the most relevant applications where knowledge of this set plays an important part, is to describe the short-time asymptotic behavior of the heat kernel associated to a naturally defined sub-elliptic operator, see [1] . The aim of this paper is to give a complete characterization of the sub-Riemannian cut locus for the H-type groups.
This paper is organized as follows. In Section 2, we briefly recall some necessary definitions and give a precise form of the sub-Riemannian geodesics on an H-type group. In Section 3, we prove the main result of this paper, which follows from studying carefully three different sets of points in the group. In order to understand these sets completely, we need to obtain results similar to those in [2] , but valid in the full generality of H-type groups.
2. Sub-Riemannian geodesics on H-type groups 2.1. Sub-Riemannian H-type Lie groups. Let us first recall the construction of the H-type Lie algebras n r . In what follows, all inner products are positive definite and Cl r is the Clifford algebra generated by the vector space z r = R r with inner product · , · z r .
Consider a Cl r -module v r , where J : z r → End(v r ) is the corresponding Clifford algebra representation. If · , · vr is an inner product on v r , we can define a Lie bracket by
We set all brackets with elements in z r to be zero. This induces a Lie algebra structure of step 2 on n r = v r ⊕ z r . We define the inner product · , · := · , · vr + · , · z r on n r . Then
As it is usual in the literature, we call v r the horizontal space and the center z r the vertical space. Let {v 1 , . . . , v m } and {Z 1 , . . . , Z n } be orthonormal bases of v r and z r respectively. The structure constants C k ij and the coefficients B k ij of the representation J are defined by
It is easy to see that B k ij = C k ij , and we will use this fact freely throughout many of the forthcoming computations.
It follows that the structure matrices {C 1 , . . . , C n } ⊂ so(m) defined by C k = (C k ij ) ij for all k = 1, . . . , n satisfy the relations
where (C k ) T is the transposed matrix of C k . The H-type group N r is the unique (up to homomorphism) connected and simply connected Lie group with Lie algebra n r . The subspace v r defines a bracket generating distribution of step 2 over N r by left-translation, and the translations of the inner product · , · vr makes N r into a sub-Riemannian manifold.
Recall that for a nilpotent Lie group, the exponential map is a diffeomorphism, see for example [3] . Therefore we can identify N r with v r ⊕ z r . We will use this identification through this paper. Under this identification, we denote by V r and Z r the image of v r and z r respectively.
2.2.
Sub-Riemannian geodesics on N r . From now on, we write a horizontal sub-Riemannian geodesic c :
From [4, Theorem 2], we have the following formulas:
where θ = (θ 1 , . . . , θ n ) = (0, . . . , 0) is a vector of parameters coming from the Hamiltonian formulation, Ω =
For θ = (0, . . . , 0) the sub-Riemannian geodesics are straight lines, i.e., the geodesic starting at the point (0, 0) and reaching the point (x, 0) at time t = 1 is given by c(t) = (tx, 0). Proposition 1. The vertical part z(t) of a horizontal geodesic c(t) for the H-type group N r , corresponding to θ = (θ 1 , . . . , θ n ) = (0, . . . , 0), is given by
Proof. First we note that given a skew-symmetric matrix A ∈ so(m), i.e.
Now we calculate the matrices C k Ω, Ω T C k and Ω T C k Ω.
where the last equation is obtained as
As Ω, C p , C p C l are skew-symmetric for any p = l, we obtain thaṫ
It follows that for any k = 1, . . . , ṅ
This simplification will allow us to determine concretely the points in any H-type group where minimizing sub-Riemannian geodesics starting from the origin stop being unique.
Sub-Riemannian cut locus of H-type groups
Let (Q, H, g H ) be a sub-Riemannian manifold. The (sub-Riemannian) cut locus of a point q 0 ∈ Q is the set
q ∈ Q| there exist T > 0, and minimizing horizontal
In this section, we give a precise description of the sub-Riemannian cut locus of curves starting from the identity (0, 0) in the H-type groups introduced previously. More precisely, we want to prove the following Theorem 1. The cut locus K (0,0) of the H-type group N r is given by the points of the form (0, z).
This result will be achieved in three steps: points of the form (0, z) are in K (0,0) ; points of the form (x, z), with x = 0 and z = 0, are not in K (0,0) ; and neither are the points of the form (x, 0).
3.1.
The vertical space is contained in the cut locus. As a first step, we show that the points (0, z) ∈ N r are in the cut locus. The geodesics connecting the origin (0, 0) and (0, z) and their length are given by the following Theorem which generalizes [2, Theorem 6.3] to arbitrary H-type groups.
Theorem 2. For each natural number k ∈ N, there exists a sub-Riemannian geodesic c k (t) = (x k (t), z k (t)) in N r joining the origin with the point (0, z).
These curves have lengths l 1 , l 2 , . . . , where l 2 k = 4kπ|z|, k ∈ N, and their equations are
where Z = n r=1 z r C r and
Proof. We follow a similar scheme as in [2] . Evaluating equation (2) at t = 1, and after some simple computations, we see that
Since we can assume that |ẋ(0)| = 0, it follows that |θ| = 2kπ, for k ∈ N. This, in turn, implies that
We immediately obtain the geodesic equations.
The length of the geodesics follows easily, since
Suppose c(t) is the minimizing geodesic between the origin and (0, z) with length 4π|z| and with initial vectorẋ(0) = 0. We define the geodesic c(t) = (x(t),z(t)) with initial vector −ẋ(0) bỹ
This geodesic is minimizing between the origin and (0, z) as it has length 4π|z| and clearly c =c. It follows that (0, z) is an element of the cut locus of the origin.
3.2. If x = 0 and z = 0, then (x, z) is not in the cut locus. Theorem 1 will follow after proving that points not contained in the vertical space are not elements in the cut locus. We start the analysis by proving the following extension of [2, Theorem 6.5].
Theorem 3. Given a point (x, z) ∈ N r with x = 0, z = 0, there are finitely many sub-Riemannian geodesics joining the origin (0, 0) with (x, z). Let |θ| 1 , . . . , |θ| N be solutions of the equation
with Z = n r=1 z r C r and k = 1, 2, . . . , N . The lengths of these geodesics are l 2 k = ν(|θ| k )(|x| 2 + 4|z|), where
.
Proof. Putting s = 1 into equations (2) and (4), we see that
It follows that |z| = 1 4 |x| 2 µ(|θ|/2). Let |θ| 1 , . . . , |θ| N be the solutions of this equation. We fix a solution |θ| k and obtain by the use of equation (5) in (6) that
, and therefore we have that
To find the expression for x k (t), let us first observe that
which follows from simple trigonometric identities and the fact that choosing the corresponding covector θ, we have that Ω 2 = −|θ| 2 k Id vr . Since equation (2) can be written as
Id vr − Ω 2 x, and therefore
The equation for x k (t) in the statement follows from a simple computation, using the formula above and equation (7). We calculate the length of our obtained geodesics. For a fixed solution |θ| k we obtaiṅ
and therefore
Hence l 2 k = ν(|θ| k )(|x| 2 + 4|z|), since 4|z| = |x| 2 µ(|θ|/2).
Given a point (x, z) with x = 0, z = 0. Then there exists N solutions |θ| 1 , . . . , |θ| N of the equation
If N = 1, then there does not exist a second minimizing geodesic. Hence (x, z) is not in the cut locus.
For N > 1, we have to examine the solutions |θ| k in detail. Without loss of generality, we assume that |θ| k < |θ| k+1 . We know that µ is an increasing diffeomorphism on the interval (−2π , 2π) onto R such that |θ| 1 < 2π and |θ| k > 2π for all 1 < k ≤ N , see Figure 1 . In Figure 2 , we see that ν(2π) = π and that ν(x) < ν(y) for all x ∈ [0, π), y ∈ (π, ∞). Hence
This implies that the geodesics c k (t) = (x k (t), z k (t)) cannot be minimizing for 1 < k ≤ N . This implies that the only minimizing geodesic between the origin and (x, z) with x = 0, z = 0 is given by c 1 (t) = (x 1 (t), z 1 (t)), hence (x, z) is not in the cut locus. 3.3. Points of the form (x, 0) are not in the cut locus. To conclude the proof of Theorem 1, we prove the following result.
Theorem 4. A sub-Riemannian geodesic c(t) in N r is horizontal with constant z-coordinate z 0 ∈ Z r if and only if c(t) = (at, z 0 ) for some vector a ∈ V r such that |a| = 0.
Proof. Since z(t) = z 0 is constant, then 0 =ż(t). If we assume |θ| = 0, then we can apply Proposition 1, to see that 0 =ż(t) = |ẋ(0)| 2 (1 − cos(t|θ|)) 2|θ| 2 θ.
Since |ẋ(0)| 2 = 0 and (1 − cos(t|θ|)) = 0 for all t ∈ [0, 1], we obtain a contradiction. It follows that θ must vanish, and thus x(t) = tẋ(0), from the characterization of geodesics in Subsection 2.2. Setting a =ẋ(0), the result is proved.
It remains to show that there is no geodesic connecting the origin (0, 0) with (x, 0) with non-constant vertical component z(t). Let assume that there exist such a geodesic which reaches (x, 0) at time t 0 = 1, then the non-constant part z(t) is given by z(t) = |ẋ(0)| 2 4|θ| 2 t − sin(2t|θ|) 2|θ| θ.
It follows that 1 = sin(2|θ|) 2|θ|
if and only if |θ| = 0, see Figure 3 , which implies that z(t) is constant. This is a contradiction to our assumption, hence there does not exist a geodesic connecting the origin (0, 0) with (x, 0) with nonconstant vertical component z(t). Hence the geodesic given in Theorem 4 is the unique geodesic connecting (0, 0) with (x, 0). 
